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Abstrat
A review of the random magneti impurity model, introdued in
the ontext of the Quantum Hall eet, is presented. It models an
eletron moving in a plane and oupled to random Aharonov-Bohm
vorties arrying a fration of the ux quantum. Reent results on its
perturbative expansion are given. In partiular, some funny families
of integrals show up to be related to the Riemann ζ(3) and ζ(2).
1 Introdution :
The single Aharonov Bohm (A-B) ux line (innitely thin and im-
penetrable vortex) piering the plane at a given point was onsidered
in a seminal paper in 1959 [1℄. A more omplex system onsists of
several A-B lines piering the plane at dierent points [2℄. A sim-
pliation arises when the loations of the puntures are random :
onsider the Random Magneti Impurity model [3℄ introdued in the
ontext of the Integer Quantum Hall Eet. It onsists of an eletron
oupled to a Poissonian distribution of A-B lines (the so-alled mag-
neti impurities) having a mean density ρ and arrying a fration α
of the eletron ux quantum Φo. Periodiity (α ∈ [0, 1]) and sym-
metry onsiderations (no priviledged orientation to the plane) allow
to take α ∈ [0, 1/2]. The Poissonian disorder denes the innitesimal
probability dP (N,~r ′1, ~r
′
2, ..., ~r
′
N ) of nding N impurities at position
~r ′1, ~r
′
2, ..., ~r
′
N
dP (N,~r ′1, ~r
′
2, ..., ~r
′
N ) = e
−ρV (ρV )
N
N !
N∏
i=1
d~r ′i
V
where ρ is the mean impurity density : in the thermodynami limit
N, V →∞ (V the area of the plane), ρ =< N > /V .
∗
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The model has two parameters, α and ρ. Periodiity α → α + 1
and symmetry around α = 1/2 in the spetrum imply that the density
of states and the partition funtion are invariant under α → 1 − α,
thus depend in fat on ρ and α(1 − α).
It has been shown via path integral random walk simulations that,
when α → 0, the average density of states of the eletron narrows
down to the Landau density of states for the average magneti eld
< B >= ραΦo with broadened Landau levels (weak disorder). On the
ontrary, when α → 1/2, the density of states has no Landau level
osillations and rather exhibits a Lifshitz tail at the bottom of the
spetrum (strong disorder).
In the path integral formulation, the average partition funtion
rewrites as an average over C, the set of losed Brownian urves of a
given length t (the inverse temperature)
< Z >= Zo < e
ρ
∑
n Sn(e
i2piαn−1) >{C}
where Sn is the arithmeti area of the n-winding setor (i.e. the setor
wounded around n times by the path) of a given path in {C} (Zo is
the free partition funtion). It amounts to say that the Poissonian
A-B lines ouple to the Sn's, a dierent (intermediate) situation from
the single A-B line, whih ouples to the angle spanned by the path
around it, and from the homogeneous magneti eld, whih ouples to
the algebrai area enlosed by the path. The average partition funtion
rewrites as
< Z >= Zo
∫
e−ρt(S+iA)P (S,A)dSdA
where S = 2
t
∑
n Sn sin
2(παn) and A = 1
t
∑
n Sn sin(2παn) are ran-
dom Brownian loop variables and P (S,A) is their joint probability
distribution. Sine [4℄ Sn sales like t -in fat < Sn >= t/(2πn
2), even
more, for n suiently large, n2Sn →< n2Sn >= t/(2π)-, the variables
S and A are indeed t independent.
In fat, very little is known on the joint distribution funtion P (S,A):
i) when α → 0, < Z >→ Zo < ei<B>
∑
n nSn >{C}, whih is,as
expeted, the partition funtion for the homogeneous mean magneti
eld < B >, sine
∑
nSn is indeed the algebrai area enlosed by the
path.
ii) when α → 1/2, < Z >→ Zo < e−2ρ
∑
n odd Sn >{C}, implying
that, for the average density of states (in terms of ρo(E) the free density
of states)
< ρ(E) >= ρo(E)
∫ E
ρ
0
P (S′)dS′
Here P (S′) is the probability distribution for the random variable S′ =
2
t
∑
n Sn, n odd.
Turning now to a quantum mehanial formulation, the average
partition funtion is
2
< Z >= e−ρV
∑
N
(ρV )N
N !
< ZN >
= Zo
(
1 + ρV (
< Z1 >
Zo
− 1) + 1
2!
(ρV )2(
< Z2 >
Zo
− 2< Z1 >
Zo
+ 1)
+
1
3!
(ρV )3(
< Z3 >
Zo
− 3< Z2 >
Zo
+ 3
< Z1 >
Zo
− 1) + ...
)
where < ZN > is the average N impurity partition funtion
< ZN >=
∫ N∏
i=1
d~r ′i
V
Tre−βHN
for the N -impurity quantum Hamiltonian HN .
The partition funtion of the mean magneti eld 〈B〉 = ραφo is
reprodued as a power series in (ρα)n (mean eld approximation where
the loal magneti eld B(~r) = φ
∑N
i=1 δ(~r−~r ′i) is replaed by its mean
value). Perturbative orretions ρnαm,m > n to the mean magneti
eld expansion originate from disorder: in the 1-impurity ase the
orretion is known [5℄ < Z1 >= Zo + α(α − 1)/2; in the 2-impurity
ase one enounters non trivial Feynman diagrams at order ρ2α4, i.e.
an eletron interating with 2 impurities 4 times, at order ρ2α6, i.e. an
eletron interating with 2 impurities 6 times, et...
In the symmetri gauge and in onguration spae
HN =
1
2
(
~p−
N∑
i=1
α
~k × (~r − ~r ′i)
(~r − ~r ′i)2
)2
+ πα
N∑
i=1
δ(~r − ~r ′i)
The nonunitary wavefuntion redenition
ψ(~r) =
N∏
i=1
|~r − ~r ′i|αψ˜(~r)
results in the Hamiltonian H˜N ating on ψ˜ (z omplex oordinates)
H˜N = −2∂z¯∂z − 2α
N∑
i=1
1
z¯ − z¯′i
∂z = Ho + V˜N (z)
where quadrati interations in the vetor potential have disappeared.
The perturbative expansion for the thermal propagator G˜β = e
−βH˜N
at order n is
G˜
(n)
β = (−1)n
∫ β
0
dβ1
∫ β1
0
dβ2 · · ·
∫ βn−1
0
dβn
G
(o)
β−β1
V˜NG
(o)
β1−β2
· · · V˜NG(o)βn
where G
(o)
β = e
−βHo
is the free propagator. The partition funtion at
order n follows as
3
Z
(n)
N = TrG
(n)
β = TrG˜
(n)
β = (−1)nTr
∫ β
0
dβ1
∫ β1
0
dβ2 · · ·
∫ βn−1
0
dβn
V˜NG
(o)
β1−β2
· · · V˜NG(o)β+βn−β1
In the onguration spae one has
Z
(n)
N = (−1)n
∫ β
0
dβ1
∫ β1
0
dβ2 · · ·
∫ βn−1
0
dβn
∫
d2z1 · · ·
∫
d2zn
V˜N (z1)G
(o)
β1−β2
(z1, z2) · · · V˜N (zn)G(o)β+βn−β1(zn, z1)
G
(o)
β (z1, z2) = 〈z1 |e−βHo |z2 〉 =
1
2πβ
e−
|z1−z2|
2
2β
V˜N (z1) = 〈z1 |V˜N |z1 〉 = −2α
N∑
i=1
1
z¯1 − z¯′i
∂z1
with the average over disorder∫
d2z′i
1
z¯1 − z¯′i
= πz1 (1)∫
d2z′i
1
z¯1 − z¯′i
1
z¯2 − z¯′i
= π(
z1
z¯2 − z¯1 +
z2
z¯1 − z¯2 ) (2)
.
.
.
Note that if at rst order in α an ambiguity arises sine V˜ (z1) is a
dierential operator ating on the onstant G
(o)
β (z1, z1), this ambiguity
an be lifted by a long distane harmoni well regularization or by other
means (see for example [3℄).
In momentum spae one has (p omplex oordinate)
G
(o)
β (p1, p2) = 〈p1 |e−βHo |p2 〉 = e−β
|p1|
2
2 δ2(p1 − p2)
〈p1 |V˜N |p2 〉 = −2α
N∑
i=1
p¯2
p¯1 − p¯2 e
i
2
(p1−p2)z¯
′
i+h.c.
with the average over disorder implying momentum onservation.
With these perturbative Feynman rules at hand, one an proeed
with the perturbative expansion of the average partition funtion. The
rst non trivial diagram ours at order ρ2α4. Denoting the tempera-
ture dierenes as a = β1−β2, b = β2−β3, c = β3−β4, d = β+β4−β1,
the momentum integration yields an integral over the temperatures
diag(ρ2α4) =
1
β2
∫ β
0
dβ1
∫ β1
0
dβ2
∫ β2
0
dβ3
∫ β3
0
dβ4
(
2
β
− (a+ c)(b+ d)
abc+ bcd+ cda+ dab
)
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Integrating on β4, β3, et..., leads for the non trivial part to [3℄∫ β
0
dβ1
∫ β1
0
dβ2
∫ β2
0
dβ3
∫ β3
0
dβ4
(a+ c)(b + d)
abc+ bcd+ cda+ dab
= β3
1 + ζ˜(3)
16
(3)
where ζ˜(3) = 7ζ(3)/2. One an go a bit further : rst rewrite this
integral as
∫ β
0
da
∫ β−a
0
db
∫ β−a−b
0
dc
d(a+ c)(b + d)
abc+ bcd+ cda+ dab
where d = β − (a+ b+ c) is understood. This is∫ ∞
a,b,c,d=0
da db dc dd
d(a+ c)(b + d)
abc+ bcd+ cda+ dab
δ(β − (a+ b+ c+ d))
or, using obvious symmetries,
β
∫ ∞
a,b,c,d=0
da db dc dd
ab
abc+ bcd+ cda+ dab
δ(β − (a+ b+ c+ d))
Therefore (3)beomes
∫ ∞
a,b,c,d=0
da db dc dd
ab
abc+ bcd+ cda+ dab
δ(β−(a+b+c+d)) = β2 1 + ζ˜(3)
16
(4)
Then Laplae transform (4) (
∫∞
0 dβe
−βs...) to obtain
1
s3
∫ ∞
a,b,c,d=0
da db dc dd
1
cd( 1
a
+ 1
b
+ 1
c
+ 1
d
)
e−s(a+b+c+d) =
2
s3
1 + ζ˜(3)
16
Fix s = 1 and, in the denominator, exponentiate 1
a
+ 1
b
+ 1
c
+ 1
d
:
∫ ∞
a,b,c,d=0
da db dc dd
∫ ∞
0
dt
1
cd
e−(a+b+c+d)−t(
1
a
+ 1
b
+ 1
c
+ 1
d
) = 2
1 + ζ˜(3)
16
Change variable u = 2
√
t and use∫ ∞
0
an−1e−a−
t
a = 2Kn(u)(
u
2
)n
where the Kν(u)'s are modied Bessel funtions [6℄, to nally obtain∫ ∞
0
udu (uK1(u))
2K0(u)
2 =
1 + ζ˜(3)
16
(5)
whih also been derived in a dierent ontext [7℄.
It an be generalized [8℄ : the family of integrals
pn(0000) =
∫ ∞
0
du un+1K0(u)
4 n ≥ 0
5
pn(0011) =
∫ ∞
0
du un+1K0(u)
2K1(u)
2 n ≥ 2
pn(1111) =
∫ ∞
0
du un+1K1(u)
4 n ≥ 4
(n even)
and
in(0001) =
∫ ∞
0
du un+1K0(u)
3K1(u) n ≥ 1
in(0111) =
∫ ∞
0
du un+1K0(u)K1(u)
3 n ≥ 3
(n odd) an be shown to be again related to ζ(3), i.e. of the form
(5). To show this, integrate by parts (use dK0(u)/du = −K1(u) and
d(uK1(u))/du = −uK0(u)) to obtain
pn(0000) =
4
n+ 2
in+1(0001) n ≥ 0
pn(0011) =
2
n
(in+1(0001) + in+1(0111)) n ≥ 2
pn(1111) =
4
n− 2 in+1(0111) n ≥ 4
whih implies
2npn(0011) = (n+ 2)pn(0000) + (n− 2)pn(1111) n ≥ 4
Therefore in+1(0001), in+1(0111), andpn(0011) are obtained from pn(0000)
and pn(1111) whih remain to be determined: further integration by
parts gives
in(0111) =
1
n− 1((pn+1(1111) + 3pn+1(0011)) n ≥ 3
in(0001) =
1
n+ 1
((pn+1(0000) + 3pn+1(0011)) n ≥ 1
thus the reurrene relation ating on a 2 dimensionnal vetor spae(
pn+2(0000)
pn+2(1111)
)
=
1
25(n+ 2)
(
(n+ 2)2(5n+ 4) −3n2(n− 2)
−3(n+ 2)2(n+ 4) n(n− 2)(5n+ 16)
)(
pn(0000)
pn(1111)
)
(6)
for n ≥ 4. For 0 ≤ n < 4 diret omputations (one has to rewrite these
6
simple integrals in terms of multiple integrals) give
p0(0000) =
ζ˜(3)
22
i1(0001) =
ζ˜(3)
23
p2(0000) =
−3 + ζ˜(3)
24
p2(0011) =
1 + ζ˜(3)
24
known ≡ (5)
i3(0001) =
−3 + ζ˜(3)
24
i3(0111) =
1
22
obvious
and the n = 4 initial onditions for the reurrene are
p4(0000) =
−33 + 7ζ˜(3)
26
p4(1111) =
53− 32ζ˜(3)
26
(7)
For example, in terms of the orrespondingmultiple integral, p0(0000) =
ζ˜(3)/22 is nothing but∫ ∞
a,b,c,d=0
da db dc dd
1
abc+ bcd+ cda+ dab
e−(a+b+c+d) = 7ζ(3)
If one sets n = 2k and denes qk(0) = p2k(0000)/(2k)! and qk(1) =
p2k(1111)/(2k)! the reurrene (6) beomes(
qk+1(0)
qk+1(1)
)
=
1
24(2k + 1)
(
(5k + 2) −3k2(k − 1)/(k + 1)2
−3(k + 2) k(k − 1)(5k + 8)/(k + 1)2
)(
qk(0)
qk(1)
)
(8)
k ≥ 2. In the asymptoti regime k →∞
1
25
(
5 −3
−3 5
)
diagonalizes as
1√
2
(
1 1
−1 1
)
1
25
(
5 −3
−3 5
)
1√
2
(
1 −1
1 1
)
=
1
24
(
1 0
0 4
)
with eigenvalues 1/4 and 1/16. It is a remarkable fat that the initial
onditions (7), that is for the q's
q2(0) =
−27 + 7ζ˜(3)
(3)(28)
, q2(1) =
53− 9ζ˜(3)
(3)(28)
are suh that the asymptoti behavior of qk(0) and qk(1) happens to
be governed by the smallest eigenvalue, i.e. limk→∞ qk(0) ≃ (1/16)k−2
and limk→∞ qk(1) ≃ (1/16)k−2.
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This is not the end of the story: pushing the perturbative expansion
at order ρ2α6 [9℄ one enounters the integral
∫∞
0 du I1(u)K0(u)
2(uK1(u)),
where I1(u) is again a modied Bessel funtion [6℄. This integral is
found to be ∫ ∞
0
du I1(u)K0(u)
2(uK1(u)) =
ζ(2)
8
(9)
It is not an isolated ase: the family of integrals
p0n(000) =
∫ ∞
0
du un(I0(u)u)K0(u)
3u2
p1n(000) =
∫ ∞
0
du unI1(u)K0(u)
3u2
p0n(001) =
∫ ∞
0
du un(I0(u)u)K0(u)
2(uK1(u))
p1n(001) =
∫ ∞
0
du unI1(u)K0(u)
2(uK1(u))
p0n(011) =
∫ ∞
0
du un(I0(u)u)K0(u)(uK1(u))
2
p1n(011) =
∫ ∞
0
du unI1(u)K0(u)(uK1(u))
2
p0n(111) =
∫ ∞
0
du un(I0(u)u)(uK1(u))
3
p1n(111) =
∫ ∞
0
du unI1(u)(uK1(u))
3
(n ≥ 0, n even) an be shown to be also related1 to ζ(2) (note that (9)
is p10(001) = ζ(2)/8).
Indeed, integration by part (this exerie is left to the interested
reader, use
dI0(u)
du
= I1(u) and
d(uI1(u))
du
= uI0(u)) gives [10℄ that(
p0n+2(000)
p1n+2(111)
)
=
1
25(n+ 4)
(
(n+ 4)2(5n+ 14) 3(n+ 2)2(n)
3(n+ 4)2(n+ 6) (n+ 2)(n)(5n+ 26)
)(
p0n(000)
p1n(111)
)
(10)
and that all other integrals are given in terms of p0n(000) and p
1
n(111).
For example
25(n+ 3)(n+ 4)p0n+2(011) = + 8(n+ 2)
2(n+ 4)2p0n(011)
− (n+ 4)2(3n2 + 15n+ 14)p0n(000)
+ n(n+ 2)(3n2 + 27n+ 58)p1n(111)
1
One also has ∫
∞
0
du (I0(u)u)K0(u)
3 = 3ζ(2)/8
but, surprisingly,
∫
∞
0
du I1(u)K0(u)
3
is not related to ζ(2).
8
Amusingly enough, the reurrene (10) is idential to (6) up to n →
n + 2 and to the o-diagonal global sign, the origin of whih being
easily tratable to the sign dierene in the dierentiation relations
between I0 and I1 on the one hand, and K0 and K1 on the other hand.
Setting as above n = 2k, k ≥ 0 and redining
q0k(0) =
p02k(000)
(2(k + 1))!
q1k(1) =
p12k(111)
(2(k + 1))!
the reurrene beomes(
q0k+1(0)
q1k+1(1)
)
=
1
24(2k + 3)
(
(5k + 7) 3k(k + 1)2/(k + 2)2
3(k + 3) k(k + 1)(5k + 13)/(k + 2)2
)(
q0k(0)
q1k(1)
)
with again the eigenvalues 1/4 and 1/(16) for the asymptoti matrix.
The initial onditions are (by diret omputation)
q00(0) = ζ˜(2)
q10(0) = −
1
8
+ 3ζ˜(2)
where ζ˜(2) = 3ζ(2)/26.
To onlude a few remarks an be made:
-in both reurrenes, the building bloks, ζ˜(2) = 3ζ(2)/26 and ζ˜(3) =
7ζ(3)/2, are not pure ζ(n)'s, but rather (2n − 1)ζ(n)'s. This indiates
that one deals with alternated Euler sums,
ζa(n) =
∞∑
p=1
(−1)p
pn
or
ζ˜(n) =
ζ(n) + ζa(n)
2
=
2n − 1
2n
ζ(n)
-it has been impossible so far to generalize to ζ(4), ζ(5), .. in terms of
simple integrals on the produt of modied Bessel funtions
2
. May be
one should look at double nested integrals as indiated [9℄ by ompu-
tation at order ρ2α6.
2
Note that integrals on a produt of four modied Bessel funtions seem so far needed:
for example ∫
∞
0
duuK0(u)
3 =
3
2
∞∑
p=0
1
(3p+ 1)2
−
2
3
ζ(2)
is not simply given in terms of ζ's.
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